I. INTRODUCTION AND BACKGROUND

O
VER the past decade, shear wave elasticity imaging methods have been developed which generate shear waves in soft tissue and employ ultrasonic tracking techniques to monitor shear wave propagation [1] - [4] . Typically, these measurements report the group shear wave speed V which, under the assumption of a linear, elastic, isotropic, and homogeneous material, is related to the shear modulus μ of the material by the relation [5] , [6] 
where ρ is the material density, ω = 2π f is the angular frequency, and k = 2π/λ is the wavenumber. Often, focused acoustic radiation is used to generate the shear waves by applying a localized mechanical impulse [2] , [3] that is characterized by a range of spatial and temporal frequencies. For an elastic material, the shear modulus and phase velocity are independent of frequency and the measured group speed can be used in (1) to determine μ. In contrast, most soft tissues are viscoelastic and are characterized by a complex and frequency-dependent shear modulus μ(ω) [7] . Shear wave propagation in viscoelastic materials exhibits dispersion and attenuation with a frequencydependent phase velocity c(ω) = ω/k(ω) and attenuation coefficient α(ω). Equation (1) can be extended to the case of a viscoelastic material by introducing a complex wavenumber κ(ω) = k(ω) − i α(ω) so that
Explicit expressions for c(ω) = ω/k(ω) and α(ω) can be found by writing μ(ω) in terms of its real and imaginary parts as μ(ω) = μ R (ω) + i μ I (ω) and equating the real and imaginary parts of (2) [8] , [9] c(ω) = ω κ(ω)
and α(ω) = ρω 2 2
Previous efforts to characterize the viscoelastic properties of tissue using shear wave propagation have typically been performed using one of two procedures. One approach is to use a periodic excitation force to generate shear waves with a specific frequency, and to measure the phase velocity c(ω) by analyzing the harmonic content of the shear wave signal, or by repeating the measurements at a series of excitation frequencies [10] - [12] . A second approach is to use a localized, impulsive excitation, such as from an acoustic radiation force impulse (ARFI) excitation, to generate shear waves with a range of temporal and spatial frequencies. These signals can then be Fourier decomposed to recover the amplitude and phase of the individual frequency components, and thereby determine c(ω), α(ω), and μ(ω).
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In this paper, we consider shear waves generated by localized and impulsive excitations. Previous efforts to analyze shear wave motion from these sources have been based on Graff's solution [5] of the Navier equation of motion for shear wave propagation in an elastic material for the specific case of a source with zero width and infinite extent along the z-axis that is applied harmonically in time. Graff's solution [5] gives the shear wave displacement signal u(r, t) as a function of position and time u(r, t) = i 4 H (2) 0 (kr ) e iω 0 t
where H (2) 0 (kr ) is a Hankel function with wavenumber k = (ρω 2 0 /μ) 1/2 from (1), and ω 0 is the excitation frequency. Note that in (5) , the Hankel function type and the sign of the phase in the factor e iω 0 t have been switched compared to Graff [5] to agree with the sign convention used by Rouze et al. [8] . For nonharmonic excitations, the shear wave signal can be expressed as a superposition of solutions of the form of (5) 
This analysis can also be extended to the case of a viscoelastic material by replacing the wavenumber k with a complex wavenumber κ(ω) = [ρω 2 /μ(ω)] 1/2 from (2). For experimentally measured signals, different frequency components of the shear wave signal can be isolated by calculating the Fourier transform (FT) in time. Here, we represent the temporal FT of a spatial-temporal signal using a tilde notation, for example u(r, ω) = F t {u(r, t)} = ∞ −∞ u(r, t) e −iωt dt.
Then, with k → κ for a viscoelastic material, the temporal FT of the shear wave signal u(r, t) from (6) is given as
0 (κr ).
Often, this result is expressed using the asymptotic form of the Hankel function
Two procedures are commonly used to estimate the phase velocity and attenuation from the FT signal u(r, ω). First, as described by Chen et al. [4] and Deffieux et al. [13] , the phase of the asymptotic Hankel function (9) varies linearly with the coordinate r , so a linear fit of phase versus position can be used to measure the wavenumber k and phase velocity c(ω) = ω/k. Similarly, the attenuation α(ω) can be measured using the exponential decay with position in (9) [14] , [15] , or using the Hankel function dependence in (8) [9] . A second method to measure the phase velocity and attenuation is by constructing the two-dimensional FT (2DFT) of the spatialtemporal shear wave signal and to measure the phase velocity and attenuation from the peak location and width of the 2DFT signal at each specific temporal frequency [8] , [16] , [17] . It is important to realize that both of these analysis methods depend on the specific form of the solution (5) , and that this solution does not account for the size and shape of an ARFI excitation which are known to give biased results for the phase velocity [8] and group shear wave speed [18] .
Typically, investigations designed to characterize the properties of viscoelastic materials do not report the phase velocity c(ω) or attenuation α(ω), but instead, use a material model to parameterize these quantities in terms of a small number of material constants. One common model is a Voigt model [11] , [19] , [20] , which expresses the shear modulus in terms of the stiffness μ 0 and viscosity η as
A second commonly used material model is a linear dispersion model [21] , [22] in which the phase velocity is modeled as a linear function of the frequency,
This relation is also characterized by two parameters, for example, the phase velocity at a specific frequency and the dispersion slope dc/d f . Fitting experimental data to these models can be difficult [22] , [23] when fitting the phase velocity for the Voigt model because the frequency dependence of c(ω) appears similar to a sigmoid function and includes frequency ranges that are concave upward and concave downward. In noisy data, it is easy for the fitting procedure to attempt to reproduce frequency-dependent structures introduced by the experimental noise, which can lead to unrealistic parameters. This behavior led Nightingale et al. [22] to analyze the phase velocity data obtained in non-alcoholic fatty liver disease human liver subjects using a linear dispersion model, which is less susceptible to experimental noise. In this paper, we describe a new method to characterize the viscoelastic properties of materials using measured group shear wave speeds. Specifically, we consider the group shear wave speeds V disp , V vel , and V acc determined using the shear wave displacement signal u(r, t), the particle velocity signal
and the particle acceleration signal
respectively. For viscoelastic materials, we expect that these group speeds will not be equal because the phase velocity c(ω) increases with frequency and, in the temporal Fourier domain, the process of differentiation weights the velocity and acceleration signals by factors of i ω compared to the displacement signal,
and
Thus, in a viscoelastic material, when averaging over the frequency content of the shear wave, the larger phase velocities at higher frequencies will be weighted more heavily for the velocity and acceleration group speeds compared to the displacement group speed, and we expect
However, for an elastic material, the phase velocity is independent of frequency and the increased weighting at higher frequencies will not lead to different speeds, and we expect
, and V av = V acc − V vel characterize viscous properties of materials in the same way that the group shear wave speeds characterize the material stiffness.
The group speed analysis method is applied to experimental measurements in viscoelastic phantoms using the linear attenuation material model described in Section III-B. Like the Voigt and linear dispersion models previously considered, this model is characterized by two material parameters; here, we use the phase velocity c 200 and dispersion slope c 200 at a reference frequency of 200 Hz. Note that a preliminary description [24] of the group speed analysis used the Voigt material model and reported the stiffness μ 0 and viscosity η from (10) . As discussed in Section V, differences between the results obtained using the linear attenuation and the Voigt material models demonstrate the importance of selecting a model appropriate for the material considered.
The key step for the determination of material properties from measured group speeds is to construct functional relations between the material parameters and the speeds. For the two-parameter material model used in this paper, we need 2-D relations, for example,
V vel pairs of group speeds. Similar relations are also considered using the V disp : V acc and V vel : V acc pairs of group speeds. These functional relations consist of dense, 2-D arrays of data that we refer to as lookup tables. Once these tables are constructed, material properties can easily be obtained by interpolation within the tables at the coordinates of the measured speeds.
Lookup tables for a wide range of possible materials are generated by calculating the group speeds V disp , V vel , and V acc for material parameters c 200 and c 200 , and inverting these relations. These calculations could be performed using Green's function techniques [25] , [26] or finite-element simulations [27] , [28] of the propagating shear wave signals for different materials. However, due to the computational cost of these calculations for many materials, we introduce an analytic model of shear wave propagation in Section II by extending Graff's model (6) to account for the shear wave frequency content determined by the spatial and temporal properties of the excitation force. Validation of the model using Green's function calculations is described in Sections III-E and IV-A.
Our motivation for considering group shear wave speeds stems from current recommendations [29] for the use of group speeds to characterize materials, though no recommendations regarding the specific group speed to employ (i.e., displacement, velocity, or acceleration signals) are made. In addition, Fourier techniques have been shown [22] , [23] to give lower success rates for in vivo measurements. Thus, this paper investigates the possibility of using group speed measurements as an alternative to Fourier methods for the analysis of viscoelastic properties of materials.
II. ANALYTIC MODEL OF SHEAR WAVE PROPAGATION
In this section, we develop an analytic model of shear wave propagation that is similar to Graff's solution (6) , but extended to account for the spatial and temporal properties of the excitation force. The model is simple, accurate, and tractable, and can be used to calculate lookup table data for a wide range of possible materials. Validation of the model using Green's function calculations is described in Sections III-E and IV-A.
A. ARFI Excitation
Cylindrical coordinates r , θ , and z are used to describe the ARFI excitation force and shear wave propagation. The excitation force f ( r, t) is assumed to be directed along thê z-axis with negligible z dependence so that it can be written as
where the window function W (t) gives the time dependence of the excitation. For asymmetric sources, the r and θ dependence in (16) can be separated by expanding f (r, θ) in a Fourier series of the form (17) where the expansion coefficients f l (r ) are given by
In Section II-C, we also make the assumption that the excitation force is localized, so that f (r, θ) can be neglected for radial coordinates outside a maximum source radius R.
B. Equation of Motion
An analytic description of shear wave propagation in a homogeneous, isotropic material can be found by solving the Navier equation of motion for the shear wave displacement signal u( r, t) [5] . Because the shear modulus for a viscoelastic material is a complex, frequency-dependent quantity, it is convenient to work in the temporal Fourier domain. For an incompressible material, the equation of motion for the i th component of the tissue displacement is given as [8] 
Because the excitation force (16) has only a nonzerô z-component, the solution of (19) will only involve the z-component of the displacement. Thus, we drop the component subscript i in the following with the understanding that the displacement signal u(r, θ, ω) refers to theẑ-component. As with the excitation force (17) , the radial and angular dependence in the displacement signal u(r, θ, ω) can be separated using a Fourier series
The Fourier coefficients u m (r, ω) of the solution can be found by inserting (20) and (17) into (19) and using the orthogonality of the exponential factors so that l = m. In addition, in cylindrical coordinates, the Laplacian operator u , j j = ∇ 2 u is written in terms of partial derivatives with respect to the radial coordinate r and angular coordinate θ so that
Equation (21) can be solved by applying the Hankel transform [30] of order m, rearranging, and applying the inverse transform (22) where J m (z) is a Bessel function of the first kind of order m, ξ is the Hankel transform variable, and κ = κ(ω) = (ρω 2 /μ(ω)) 1/2 is the complex wavenumber from (2) . Note that in (22) , the integral over the source term is written in terms of a dummy integration coordinate r s to distinguish it from the coordinate r where the shear wave is observed. The ξ integral in (22) can be evaluated analytically using [31, eq. (6.541.1)] so that
where I m (z) and K m (z) are modified Bessel functions.
C. Localized Source
Typically, acoustic radiation force sources are localized so that the excitation force f (r s , θ) is negligible for positions outside a maximum source radius R. Then, for positions outside the source with r > R, the second term in braces in (23) can be neglected so that u m (r, ω) is given as
where the source integral S m (ω) is given as
In the remainder of this paper, we only consider shear wave signals observed at positions outside a localized source and use (24) for u m (r, ω).
For the case of a cylindrically symmetric source, only the m = 0 term in (20) is nonzero, and the identity 2 K 0 (i κr ) = −i π H (2) 0 (κr ) in (24) gives
Thus, this result is equivalent to Graff's solution (8) outside a cylindrically symmetric, localized source with the frequency content of the shear wave determined explicitly by the push duration, source geometry, and shear modulus. In addition, when the shear wave is observed outside a cylindrically symmetric, localized source, f m (r s ) with m = 0 can be neglected at positions r s > R, and the upper limit in (25) can be extended to infinity. Then, with the identity I 0 (i κr s ) = J 0 (κr s ), the source integral (25) is the Hankel transform of the force f 0 (r s ), and the shear wave signal (24) is given as
This result agrees with the shear wave signal given by Parker and Baddour [32] . For many excitation forces, numerical integration is required for the calculation of the Fourier expansion coefficients using (18) and source integration using (25) . Depending on the specific force under consideration, it may be possible to reduce the computational cost of these calculations by expanding the Fourier coefficients f m (r s ) in terms of a set of orthogonal functions such as Zernike polynomials [33] or using a FourierBessel expansion [34] where the integration (25) can be performed analytically for each term in the expansion.
D. Shear Wave Signals and Group Speeds
A complete expression for the shear wave displacement signal u(r, θ, t) can be found by combining expressions (20) and (24) and calculating the inverse FT in time,
The shear wave velocity signal v(r, θ, t) can be calculated by differentiation of u(r, θ, t) with respect to time as in (12) or equivalently, by using (14) and including the factor i ω in (28),
Similarly, the acceleration signal a(r, θ, t) can be calculated by differentiation as in (13) or by including the factor (i ω) 2 in (28),
In particular, we note that the size and shape of the excitation force are included in expressions (28)- (30) through the Fourier expansion of the excitation force and the source integrals S m (ω). Similarly, the effect on the time dependence W (t) of the excitation force on the shear wave signals is accounted for in the factor of W (ω).
In most experiments, the shear wave group speed is found by observing the shear wave signal for propagation in a direction perpendicular to the excitation axis, measuring the wave arrival time at a series of positions r outside the source, and performing a linear regression of the arrival time versus position. For the time-to-peak (TTP) arrival time estimator used herein, an expression for the arrival time t pk of the peak displacement signal can be found by differentiating (28) with respect to time and setting the result to zero
Because this relation between arrival time and position is complicated, we cannot derive a unique, analytic expression for the group shear wave speed. Instead, we define this speed by performing a linear regression of the arrival time versus position using the relation
where t 0 is an intercept. For this analysis, it is important to use the same linear regression range as used for the analysis of experimentally measured signals.
Similarly, differentiation of (29) and (30) with respect to time gives expressions for the arrival times and group speed V vel and V acc measured using the particle velocity and acceleration signals, respectively.
III. METHODS
A. Experimental Acquisitions in Phantoms
Group shear wave speeds were measured in phantoms using a Verasonics Vantage Scanner (Verasonics, Kirkland, WA, USA) and Philips C5-2 curvilinear array (Philips Medical Systems, Bothell, WA, USA) as described by Deng et al. [35] . The scanner was programmed to acquire a diverging wave transmit-receive reference signal followed by the application of a focused ARFI excitation, and then followed by a series of 100 diverging wave transmit-receive tracking signals with a pulse-repetition frequency (PRF) of 5 kHz. The excitation force consisted of a 2.36 MHz, 400 μs pulse focused with a lateral F-number of F/2.0 at a depth of 50 mm. Beamformed IQ data from a lateral range of 4 ≤ r ≤ 15 mm were saved for the reference and tracking acquisitions. Displacement calculations were performed off-line between the reference and track signals using the Kasai et al.'s [36] algorithm with a 1.5-λ kernel. Displacement data were low-pass filtered at a frequency of 1 kHz and averaged over a 2 mm depth-of-field centered at the focal depth to reduce jitter. Velocity and acceleration signals were calculated by differentiating the displacement signals with respect to time using finite differences.
Data were collected in four phantoms (E2297-A3, E2297-B2, E2297-C2, and E1787-1) manufactured by CIRS, Inc. (Norfolk, VA, USA). The first three of these phantoms are similar to viscoelastic phantoms used in the Quantitative Imaging Biomarkers Alliance (QIBA) Phase-II study [37] , and the last of these phantoms is approximately elastic and is one of the phantoms used in the QIBA Phase-I study [38] . Eight acquisitions were performed in each phantom to give a total of 16 left-and right-going shear wave signals. The phantom was repositioned between acquisitions to give independent speckle realizations.
Calculations were performed on a Linux cluster with an average CPU speed of 2.6 GHz using MATLAB (The MathWorks, Natick, MA, USA) and Field-II [39] .
B. Linear Attenuation Material Model
Experimental measurements were analyzed using a material model with shear wave attenuation described as a linear function of frequency with proportionality factor α 0 ,
This model was chosen because previous observations of shear wave propagation in viscoelastic phantoms indicate that the shear wave attenuation is approximately linear in frequency, see [17, Fig. 4] . The model (33) differs from the Voigt material model (10) used in a preliminary investigation [24] of material characterization using group shear wave speeds. In particular, using (4), the low frequency dependence of the Voigt model attenuation is quadratic,
and does not agree with the observed frequency dependence in [17] . Further discussion of the choice of material model is included in Section V. The phase velocity c(ω) corresponding to the linear attenuation model (33) can be determined [40] using the Kramers-Kronig relations with one subtraction at a reference frequency ω 0 ,
Thus, like the Voigt model previously considered [24] , the linear attenuation model (33) is characterized by two material parameters, c(ω 0 ) and α 0 and is suitable for the group shear wave speed analysis where two measured group speeds are used to determine the material parameters. However, instead of using the attenuation coefficient α 0 , it is convenient to characterize the material using the phase velocity and dispersion slope at a specific frequency as in the linear dispersion model (11) . Using (35) , the attenuation coefficient α 0 can be expressed in terms of the dispersion slope at the reference frequency as
For this paper, we choose the reference frequency to be 200 Hz and use the notation c 200 and c 200 to refer the phase velocity and dispersion slope at this frequency. 
C. Analytic Calculation of the Group Shear Wave Speeds
Calculation of the group shear wave speeds V disp , V vel , and V acc for the specific values of phase velocity c 200 and dispersion slope c 200 was performed using (20) and (24) to calculate the FT displacement signal u(r, θ, ω) at lateral positions in the range 4 mm ≤ r ≤ 15 mm with a 0.25 mm spacing and at discrete frequencies in the range −8 kHz ≤ f ≤ 8 kHz with a sample spacing of 1 Hz. Only shear wave propagation along the x-axis with θ = 0 in (20) was considered. The shear wave displacement signal u(r, θ, t) was evaluated numerically using a discrete, inverse FT and was low-pass filtered at a frequency of 1 kHz to agree with the processing of experimental signals. The shear wave velocity signal v(r, θ, t) and acceleration signal a(r, θ, t) were calculated using the finite differences of the displacement signal at sequential time steps. The group speeds were calculated by finding the TTP arrival time at each lateral position and performing a linear regression to determine the slope of arrival time versus position as in (32) .
The excitation force used with the experimental acquisitions was modeled using Field-II [39] to calculate the acoustic intensity throughout a 3-D volume using the known transducer element geometry with a 50 mm focal depth and F/1.5, F/2.0, F/2.5, and F/3.0 excitation configurations. The intensity was averaged over a 2 mm axial depth-of-field centered at the focal depth to agree with the averaging of the experimental signals over the same depth-of-field. Fig. 2 shows the 2-D, normalized force distribution for the cases with lateral F-numbers F/1.5 (top, left) and F/3.0 (bottom, left).
The infinite sum over the Fourier expansion of the shear wave displacement signal (28) was approximated using a finite number of terms with the index m in the range −m max ≤ m ≤ m max . The coefficients f m (r s ) in (18) were evaluated by performing the integration numerically, and the reconstructed force was calculated using the truncated sum in (17) . Varying m max indicated that the rms differences between the Field-II simulated (Fig. 2, left column) and numerically computed (17) forces are less than 0.04% for the F/1.5 case, and less than 0.02% for the F/3.0 case with m max = 10. The right column in Fig. 2 shows the reconstructed force obtained using m max = 10. Note that the force magnitudes shown in the left column of Fig. 2 have been normalized to unity while the reconstructed forces in the right column have not been normalized. Thus, the left and right columns allow the comparison of both the magnitude and shape of the reconstructed forces.
D. Material Characterization Using Measured Group Shear Wave Speeds
The material model considered in this paper is parameterized using the phase velocity c 200 and dispersion slope c 200 . These parameters can be determined from two experimental measurements assuming relations exist between the parameters and the measured quantities. Here, we consider experimentally measured group shear wave speeds V disp , V vel , and V acc and can consider any two of the three pairs of group speeds, for example, the . In practice, the relations between the group shear wave speeds and material parameters are tabulated for a wide range of group speeds in the form of 2-D lookup tables. Then, material parameters can be determined by simple interpolation within these tables to determine the material parameters at the coordinates of the measured group speeds. Lookup table data were constructed using the analytic model of shear wave propagation described in Sections II and III-C to calculate the group shear wave speeds V disp , V vel , and V acc for a wide range of material parameters c 200 and c 200 . Pairs of these relations were inverted to give lookup tables for the material parameters expressed in terms of the group shear wave speeds. 
E. Green's Function Calculation of True Shear Wave Signals
Lookup table data were calculated using the analytic model described in Section II due to the large computational cost of using Green's function techniques [25] , [26] or finite-element simulations [27] , [28] 
For the Navier equation, the Green's function is given by [41] 
where R = r − r s is the relative position, μ and λ are the Lamé parameters, c S = √ μ/ρ and c P = √ (λ + 2μ)/ρ are the speeds of the shear and longitudinal speeds, respectively, and γ i = R i /R are the direction cosines of R. For a viscoelastic material, it is convenient to work in the Fourier domain with frequency-dependent Lamé parameters μ(ω) and λ(ω). Noting that the temporal integration in (37) is a convolution, the displacement signal in the temporal Fourier domain is given by
where
with complex wavenumbers κ S (ω) = (ρω 2 /μ(ω)) 1/2 and
. This result agrees with [42] and also with the result of [26] for the specific case of a Voigt material model. Shear wave signals were calculated using Green's function approach by approximating the integrals in (39) by a summation over points in the 3-D mesh where the excitation force f j ( r s ) was tabulated. Only the z component ( j = 3) of the force and z-component (i = 3) of the displacement signal were considered. The Lamé parameter λ(ω) was chosen so that the longitudinal wave speed was 1540 m/s. To reduce the computation time, only source points with a force magnitude greater than 1% of the maximum were included in the sum. This level was determined by varying the threshold and observing that the resulting group shear wave speeds from the calculated signals varied by less than 0.02 m/s for thresholds less than 5% of the maximum. Signals were calculated for positions 4 ≤ r ≤ 15 mm along one propagation axis oriented perpendicular to the excitation axis at a depth of 50 mm corresponding to the excitation focal depth. Calculations were performed for frequencies in the range −10 kHz < f < 10 kHz with a sample spacing of 1 Hz. Signals in the temporal domain were calculated using a discrete, inverse FT. procedure described in Fig. 3 Table I or the phantoms described as follows. columns show the results using lookup tables corresponding to the V disp : V vel , V disp : V acc , and V vel : V acc pairs of group speeds. The diagonal lines indicate equality. We observe nearly perfect agreement between the estimated and true material parameters with R 2 values greater than 0.998 in all the cases. Fig. 7 (left) shows the group shear wave speeds V disp , V vel , and V acc determined using the displacement, velocity, and acceleration signals, respectively, from measurements in the four phantoms. The data points give the mean ± standard deviation from 16 acquisitions. We observe that for the E2297-XX phantoms, V acc > V vel > V disp indicating that these phantoms are dispersive. However, the speeds are approximately equal for phantom E1797-1 and, thereby, indicate it is approximately elastic. Fig. 7 also shows the material parameters c 200 (center) and c 200 (right) estimated using the measured group shear wave speeds and the calculated lookup tables. Results are shown as mean ± standard deviation from 16 acquisitions. Three estimates are shown for each phantom as determined using lookup tables constructed from the V disp : V vel , V disp : V acc , and V vel : V acc pairs of group shear wave speeds. We observe good agreement among the three estimates for each parameter in each phantom. In particular, we observe the values of dispersion slope near zero for the approximately elastic phantom E1797-1.
IV. RESULTS
A. Validation of Model Shear Wave Signals and Group Speeds
B. Phantom Measurements
We can also compare the results of the group speed analysis with measurements of the phase velocity in the phantoms. Fig. 8 shows the phase velocity (mean ± standard deviation from 16 acquisitions) plotted as a function of frequency for each of the four phantoms. These results were obtained, as previously described [8] , [16] , [17] , by zero-padding the shear wave signal to give a total of 2000 samples in both the spatial and temporal domains and constructing the 2DFT of the shear wave signal. The phase velocity was determined from the spatial frequency k max corresponding to the maximum of the 2DFT magnitude at each temporal frequency,
Also shown in Fig. 8 are the results of the phase velocity calculated using (35) with the values of c 200 and c 200 shown in Fig. 7 that were determined using the group shear wave speed analysis. For each phantom, three results are shown as determined by lookup tables for the V disp : V vel (black solid line), V disp : V acc (red dashed line), and V vel : V acc (blue dotted line) pairs of group shear wave speeds. We observe that the results for the phase velocities determined from the group speed analyses are in nearly perfect agreement with each other, and are also in good agreement with the phase velocity measurements determined from the 2DFT analysis.
In addition, the phase velocity measurements shown in Fig. 8 can also be analyzed using a nonlinear least squares fitting procedure to determine the material parameters c 200 and c 200 which give the best fit (not shown) of the phase velocity (35) to these measurements. These fits were performed using the frequency ranges f min ≤ f ≤ f max shown in Fig. 8 with f min = 120, 140, 180, and 120 Hz for the E2297-A3, E2297-B2, E2297-C2, and E1787-1 phantoms, respectively, and f max = 800 Hz. The results (mean ± standard deviation) from fits to the phase velocity data from individual shear wave acquisitions are shown in green in the center and right panels of Fig. 7 . We observe that for the c 200 parameter, both the mean and scatter from the analysis of phase velocity data are comparable to the results from the group speed analyses. For the viscoelastic phantoms, results for the c 200 parameter from the analysis of phase velocity data (35) to measurements of the frequency-dependent phase velocity shown in Fig. 8 . are somewhat greater and have larger variances compared to the group shear wave speed analyses.
C. Sensitivity of Lookup Tables to Excitation Configuration
In [24] , using the same phantoms as in this paper, it was found that group speeds measured using F/1.5 and F/3.0 focal excitation configurations gave speeds V disp that varied by less than 3.5%, and speeds V vel varied by less than 1.1%. In addition, lookup tables (not shown) calculated using the different excitation configurations appear very similar with rms differences on the order of 1% over a wide range of material parameters. To further investigate the sensitivity of the group speed analysis to different excitation configurations, lookup tables similar to those shown in Fig. 5 were calculated using lateral F/1.5, F/2.0, F/2.5, and F/3.0 excitation configurations (the F/1.5 and F/3.0 configurations shown in Fig. 2 ). These lookup tables were used to analyze the group speeds shown in Fig. 7 (left) that were obtained using a single, lateral F/2.0 excitation configuration. Fig. 9 shows the results for We observe that the results obtained using lookup tables generated with different excitation configurations are nearly identical, and thereby indicate very low sensitivity to changes in focal configuration used for the analysis of experimental measurements. After adding noise to each displacement shear wave signal, the signal was lowpass filtered at 1000 Hz and the velocity and acceleration signals were calculated by numerical differentiation. Group shear wave speeds were determined using the same procedure as used for the processing of phantom data and were used to estimate the values c 200 and c 200 from lookup tables corresponding to the V disp : V vel , V disp : V acc , and V vel : V acc pairs of group shear wave speeds. In addition, the material parameters were estimated using Fourier methods [8] , [16] and the same nonlinear least squares fitting procedure as used for the phantom data, except that, as described by Deffieux et al. [13] , it was necessary to adjust the frequency range based on the variance of the phase velocity results calculated from all noisy realizations. The results shown in Fig. 10 indicate that both the group shear wave speed and phase velocity fitting give reasonable estimates for c 200 and c 200 with somewhat larger error bars at the higher noise levels, and with the estimates determined using the V acc group speed and the phase velocity fits. In addition, the results obtained with the phase velocity fits indicate larger bias with increasing noise levels as compared to the results obtained using the group shear wave speed analysis.
D. Sensitivity of Material Parameters to Added Noise
V. DISCUSSION
In this paper, we have described a method to characterize homogeneous, isotropic, and viscoelastic materials by observing shear wave propagation following localized, impulsive excitations and measuring the group shear wave speeds V disp , V vel , and V acc of the particle displacement, particle velocity, and particle acceleration signals. The method is expected to be robust compared to the previous methods that have been used to characterize the viscoelastic properties of tissue. First, it avoids the Fourier decomposition of shear wave signals that has typically been used to isolate individual frequency components of the signal for analysis, and instead, uses only measurements of group shear wave speeds which are relatively easy to perform experimentally. Second, as shown in Fig. 9 , as long as the group speeds are measured using shear wave signals observed outside a localized source, the lookup tables and the measured values of model parameters which characterize the material are not sensitive to the exact shape and size of the source. And finally, results shown in Fig. 5 indicate that the difference of group shear wave speeds V vd = V vel − V disp , V ad = V acc − V disp , and V av = V acc − V vel are directly related to the material dispersion. Thus, this difference gives a first-order measure of the dispersion in the same way that the group shear wave speed measures the material stiffness. The method can be applied whenever the combination of tracking PRF and shear wave observation range allow group shear wave speeds to be measured.
One of the difficulties related to the use of this method is that the group shear wave speeds V disp , V vel , and V acc do not have unique and well defined values. For example, estimation of the shear wave arrival time using the TTP and cross correlation estimators gives different arrival times and group speeds [24] . We have chosen the TTP estimator for this paper because it gives larger differences V in group speeds [24] and is more sensitive to the high frequency content of the shear wave signal due to the rapid variation of the signal near the peak that occurs over a relatively short time interval. Similarly, the shear wave arrival time from (31) is a complicated function of position, and an analytic expression for arrival time versus position cannot be found. Instead, the analytic group shear wave speeds and lookup table data must be determined by analyzing the calculated shear wave signals using the same arrival time estimator and linear regression range as used for the analysis of experimentally measured signals.
The choice of a linear attenuation material model is a key factor in the success of the results obtained in this paper. Previously, a Voigt material model with shear modulus μ(ω) = μ 0 + i η was considered for the analysis because this model is characterized by two parameters, and had been previously used to characterize soft tissue [11] , [19] , [20] . However, the shear wave attenuation of the phantoms considered in this paper is roughly a linear function of frequency [17] while the Voigt model attenuation (34) has a quadratic dependence at low frequencies.
The success of the linear attenuation model is demonstrated by the consistency of the material parameters c 200 and dispersion slope c 200 shown in Fig. 7 and the phase velocities shown in Fig. 8 that were obtained using the V disp : V vel , V disp : V acc , and V vel : V acc pairs of group shear wave speeds. These group speeds correspond to a different frequency content in the shear wave signals due to the factors of i ω in the velocity and acceleration signals (12) and (13) compared to the displacement signal. Thus, the agreement among the results shown in Figs. 7 and 8 indicates that the linear attenuation model is able to account for the different frequency content in the calculation of analytic signals, group speeds, and lookup tables.
In contrast, Fig. 11 shows that a Voigt model is not well suited to analyze experimental measurements for the specific case of the E2297-B2 phantom. Similar results are found in the other viscoelastic phantoms and are not shown. This analysis was performed in exactly the same way as for the linear attenuation model by calculating group speeds and lookup tables using the analytical model with a Voigt model shear modulus (10) . Values of stiffness μ 0 (left) and viscosity η (center) estimated in this phantom are shown for the case of the V disp : V vel (black), V disp : V acc (red), and V vel : V acc (blue) pairs of group speeds using the same measured group speeds as shown in Fig. 7 . The right panel of Fig. 11 shows a comparison of the measured phase velocity as in Fig. 8 (top, right) along with the phase velocities calculated using the estimated Voigt model parameters. In addition, the values of μ 0 and η estimated using a nonlinear, least squared fit (not shown) of the measured phase velocity are plotted in green in the left and center panels. The disagreement among these results indicates that the Voigt model cannot account for the different frequency content of the shear wave signals observed in these phantoms and is not an appropriate model for the analysis of these measurements.
All of the analysis used in this paper has been performed using the linear attenuation material model that is parameterized by the phase velocity c 200 and dispersion slope c 200 . Pairs of the three measured speeds V disp , V vel , and V acc have been used to estimate the two parameters, and consistency among these estimates indicates the suitability of the linear attenuation model for these phantoms. The use of three measured speeds would allow the extension to more complicated material models such as a power law attenuation
with a third parameter from the Kramers-Kronig subtraction as in (35) . Other models include the spring-pot model [43] , [44] with a shear modulus of the form
where μ q is a constant and the power q is limited to the range 0 < q < 1. Using (4), the attenuation for this model is given as (44) and is equivalent to (42) with p = 1 − q/2. Presumably, this model could be extended to powers (1 − q/2) ≥ 1 using the Kramers-Kronig subtractions as in [40] . Of course, all of the material models discussed here are empirical models based on simplified assumptions about the frequency dependence of the shear modulus which characterizes the material. By experimenting with different models, it might be possible to determine a better model for a specific application based on consistency among different methods to estimate the material parameters. However, it is doubtful that an optimal model could be constructed without a detailed understanding of the biomechanical mechanism for the stress-strain relation and shear modulus of the material. Another option for extending the analysis to higher order material models would be to consider different methods to vary the frequency content of the shear wave signals other than by standard differentiation techniques. For example, it would be possible to consider differentiation of the shear wave signal using fractional orders [45] 
where the derivative order ν can be varied, for example, over the range 0 ≤ ν ≤ 2 to give shear wave signals of intermediate order in addition to the displacement, velocity, and acceleration signals. This range could be limited to derivative orders where measurement noise is acceptable. Another possibility would be to filter the measured shear wave signals using different cutoff or bandpass options. Characterization of materials using any of these measured signals would proceed exactly as described in this paper, i.e., by selecting a material model parameterized by a set of parameters, calculating signals for a range of material parameters, and identifying the parameters which give signals that best match the experimental measurements. Extensions of the analysis procedure, described in this paper, to higher order material models are the subject of future investigations. Finally, in vivo measurements are also complicated by difficulties such as phase aberration of the acoustic signals, attenuation of the acoustic signals, and shear wave reflections from boundaries. These effects are also present in measurements designed to characterize viscoelastic materials using Fourier techniques. Including the effects of these imperfections in the modeling and the analysis of in vivo shear wave signals is complicated and will require efforts that are beyond the scope of this paper.
VI. CONCLUSION
This paper describes a new method to characterize homogeneous, isotropic, and viscoelastic materials by observing shear wave propagation following localized, impulsive excitations and measuring the group shear wave speeds V disp , V vel , and V acc of the shear wave displacement, velocity, and acceleration signals. These speeds are different in viscoelastic materials with V acc > V vel > V disp because the phase velocity increases with frequency and, in the frequency domain, the larger speeds at higher frequencies are weighted more heavily for the velocity and acceleration signals compared to the displacement signal. For elastic materials, V acc = V vel = V disp . Thus, the differences V vd = V vel − V disp , V ad = V acc − V disp , and V av = V acc − V vel give firstorder measures of the material dispersion in the same way that the group speeds give a measure of the material stiffness. Materials are modeled using a linear attenuation model that is parameterized using the phase velocity c 200 
